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We study gravitational waves induced from the primordial scalar perturbations at second order
around the reheating of the Universe. We consider reheating scenarios in which a transition from
an early matter dominated era to the radiation dominated era completes within a timescale much
shorter than the Hubble time at that time. We find that an enhanced production of induced
gravitational waves occurs just after the reheating transition because of fast oscillations of scalar
modes well inside the Hubble horizon. This enhancement mechanism just after an early matter-
dominated era is much more efficient than a previously known enhancement mechanism during an
early matter era, and we show that the induced gravitational waves could be detectable by future
observations if the reheating temperature TR is in the range TR . 7× 10−2GeV or 20 GeV . TR .
2 × 107 GeV. This is the case even if the scalar perturbations on small scales are not enhanced
relative to those on large scales, probed by the observations of the cosmic microwave background.
I. INTRODUCTION
Recently, gravitational waves (GWs) have been at-
tracting more and more attention. So far, LIGO and
Virgo collaborations have succeeded in detecting GWs
from merging black holes [1, 2]. KAGRA is also expected
to detect GWs in a few years [3]. GWs provide a lot of
information about not only the nature and the origins of
black holes, but also about the early Universe. Stochas-
tic GWs induced by curvature perturbations at second
order are one of the cosmological GW sources closely re-
lated to the study of the early Universe [4–8]. There are
a number of recent studies about such induced GWs [9–
22], some of which are related to primordial black holes.
The induced GWs, along with other GW backgrounds of
astrophysical as well as cosmological origins, can be in-
vestigated by the ongoing or future GW projects, such as
pulsar timing array observations (EPTA [23], PPTA [24],
NANOGrav [25], SKA [26, 27]), ground based inter-
ferometer experiments (advanced LIGO (aLIGO) [28],
Virgo [29], KAGRA [3], Einstein Telescope (ET) [26, 30,
31], Cosmic Explorer [32]), and space based interferom-
eter experiments (LISA [26, 30, 33], DECIGO [34, 35],
BBO [35, 36]). Future measurements of stochastic GWs
can be a key to reveal the evolution history of the Uni-
verse.
In this work, we focus on the relation between the in-
duced GWs and an early matter-dominated era (eMD
era). An eMD era is a period during which the energy
density of a massive field dominates the Universe before
the reheating. Although the eMD effects on the induced
GWs have been discussed in Refs. [10, 37, 38], in our
accompanying paper [39], we find that if we carefully
take into account the evolution of the gravitational po-
tential, which is the source of the induced GWs, around
the transition from an eMD era to the radiation domi-
nated era (RD era), the predictions for the induced GWs
can change. In particular, we show that the induced GWs
can be significantly suppressed for a gradual transition,
whose transition timescale is comparable to the Hubble
time at that time. In some cosmological scenarios (see
Appendix A) however, the transition from an eMD era
to the RD era is sudden, i.e. the timescale of the transi-
tion is much shorter than the Hubble time at that time.
The purpose of this paper is to study the induced GWs
in such sudden transition cases.
The effects on the induced GWs of a sudden reheating
mainly arise during the RD era by the scalar perturba-
tions that have already entered the horizon during an
eMD era. Although GWs induced during an eMD era
have been studied in Refs. [10, 37, 38], GWs induced
during the RD era by the perturbations experiencing an
eMD era on subhorizon scales have not been investigated
in the previous studies. However, we point out that, in
sudden-reheating scenarios, GWs induced during the RD
era can be larger than GWs induced during an eMD era
by several orders of magnitude. Making use of this en-
hancement, we might be able to determine the reheating
temperature by future GW detectors, as we discuss later.
We begin by reviewing the equations to calculate the
induced GWs in Sec. II, and based on these equations we
obtain the power spectra for the induced GWs in Sec. III
assuming a sudden transition from an eMD era to the RD
era. We explore possibilities to determine the reheating
temperature in Sec. IV by making use of the enhancement
of the induced GWs associated with a sudden reheating,
and Sec. V is dedicated to conclusions. In Appendix A,
we discuss two models that can realize a sudden transi-
tion from an eMD era to the RD era, and in Appendix
B we present approximate formulas for the induced GWs
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2in sudden-reheating scenarios.
II. FORMULAS FOR INDUCED
GRAVITATIONAL WAVES
In the following, we briefly review the equations to
calculate induced GWs (see Ref. [10] for more details).
We assume that an eMD era ended abruptly with the
Universe entering into the RD era at a conformal time
η = ηR. Then the scale factor and the conformal Hubble
parameter are given by
a(η)
a(ηR)
=

(
η
ηR
)2
2 ηηR − 1
, H(η) =
{
2
η (η ≤ ηR)
1
η−ηR/2 (η > ηR)
.
(1)
We also assume that the curvature perturbations follow a
Gaussian distribution1 and adopt the conformal Newto-
nian gauge2 for simplicity. Since we focus on the effects
of an eMD era, relevant to very small-scale fluctuations
(k  keq = 0.0103 Mpc−1 [44]), in this paper we do not
consider the enhancement of the induced GWs during the
late MD era (z . 3400) [5, 45].
The energy density parameter of GWs per logarithmic
interval in k is given by
ΩGW(η, k) =
ρGW(η, k)
ρtot(η)
=
1
24
(
k
a(η)H(η)
)2
Ph(η, k), (2)
where Ph(η, k) is the time averaged power spectrum of
GWs. It can be evaluated from the power spectrum Pζ
of the curvature perturbations by [10]
Ph(η, k) = 4
∫ ∞
0
dv
∫ 1+v
|1−v|
du
(
4v2 − (1 + v2 − u2)2
4vu
)2
× I2(u, v, k, η, ηR)Pζ(uk)Pζ(vk).
(3)
Here, I(u, v, k, η, ηR), describing the time dependence of
GWs, is given by
I(u, v, k, η, ηR) =
∫ x
0
dx¯
a(η¯)
a(η)
kGk(η, η¯)f(u, v, x¯, xR),
(4)
where x and xR are defined as x ≡ kη and xR ≡ kηR.
In this equation, Gk is the Green’s function being the
solution of
G′′k(η, η¯) +
(
k2 − a
′′(η)
a(η)
)
Gk(η, η¯) = δ(η − η¯), (5)
where a prime denotes differentiation with respect to η,
not η¯. Note that the concrete expression of Gk depends
on the background evolution of the Universe, which is
an eMD era or the RD era in our problem. In addition,
f(u, v, x¯, xR) is the source function defined as
f(u, v, x¯, xR) =
3
(
2(5 + 3w)Φ(ux¯)Φ(vx¯) + 4H−1(Φ′(ux¯)Φ(vx¯) + Φ(ux¯)Φ′(vx¯)) + 4H−2Φ′(ux¯)Φ′(vx¯))
25(1 + w)
, (6)
where ω = P/ρ is the equation-of-state parameter with
P and ρ being the pressure and the energy density, re-
spectively. Φ is the transfer function of the gravitational
potential, which satisfies Φ(x→ 0, xR)→ 1, and a prime
denotes differentiation with respect to the conformal
time, that is, Φ′(ux¯) ≡ ∂Φ(ux¯)/∂η¯ = uk ∂Φ(ux¯)/∂(ux¯).
The second argument of Φ is abbreviated in Eq. (6) for
compact notation. Φ(ux¯) actually means Φ(ux¯, ux¯R),
and Φ(vx¯) should be understood similarly.
The evolution equation for Φ is [46]
Φ′′ + 3(1 + w)HΦ′ + wk2Φ = 0. (7)
1 GWs induced by the curvature perturbations with non-
Gaussianity are discussed in Refs. [11, 14, 40, 41]
2 The gauge dependence of induced GWs is discussed in Refs. [42,
43].
By solving this equation, we find
Φ(x, xR) =
{
1 (for x ≤ xR),
A(xR)J (x) +B(xR)Y(x) (for x ≥ xR),
(8)
where we have dropped the decaying mode for η < ηR. In
this expression, J (x) and Y(x) are defined from the first
and second spherical Bessel functions, j1(x) and y1(x),
as
J (x) =
3
√
3 j1
(
x−xR/2√
3
)
x− xR/2 , (9)
Y(x) =
3
√
3 y1
(
x−xR/2√
3
)
x− xR/2 , (10)
and the coefficients A(xR) and B(xR) are determined so
3that Φ(x) and Φ′(x) are continuous at x = xR:
A(xR) =
1
J (xR)− Y(xR)Y′(xR)J ′(xR)
, (11)
B(xR) = −J
′(xR)
Y ′(xR)A(xR). (12)
In Appendix A, we introduce a model realizing a sudden-
reheating transition and check that the above analytic
expression for Φ with these connection conditions coin-
cides well with the numerical solution for Φ calculated
for that model.
We can reexpress Eq. (4) as in Ref. [10] with a slight
refinement of the time dependence of the scale factor:
I(u, v, x, xR) =
∫ xR
0
dx¯
(
1
2(x/xR)− 1
)(
x¯
xR
)2
× kGeMD→RDk (η, η¯)f(u, v, x¯, xR)
+
∫ x
xR
dx¯
(
2(x¯/xR)− 1
2(x/xR)− 1
)
× kGRDk (η, η¯)f(u, v, x¯, xR)
≡IeMD(u, v, x, xR) + IRD(u, v, x, xR),
(13)
where IeMD and IRD represent the contributions from
GWs induced during an eMD era and the RD era, re-
spectively. See our accompanying paper [39] for the con-
crete expressions of the Green functions. We approxi-
mate I2(u, v, x, xR) in Eq. (3) as
I2(u, v, x, xR) ' I2eMD(u, v, x, xR) + I2RD(u, v, x, xR).
(14)
Correspondingly, we approximately split ΩGW into two
parts as ΩGW ' ΩGW,RD+ΩGW,eMD, where ΩGW,RD and
ΩGW,eMD are calculated from I2RD and I
2
eMD, respectively.
The analytic formulas for IeMD and IRD are derived in
Ref. [10]. In this reference, we adopted an implicit as-
sumption that GWs induced during the RD era by the
perturbations having entered the horizon during an eMD
era, which we focus on in this work, are subdominant
compared to the GWs 1) which are induced during the
eMD era and 2) which are induced by the perturbations
entering the horizon after the reheating. However, this
assumption is not true in realistic situations. In our ac-
companying paper [39], we consider a gradual reheating
transition and show that the contributions from IRD play
an important roll for the suppression of induced GWs. In
addition, in a sudden-reheating scenario, the dominant
contribution comes from IRD as we will show in Sec. III.
During the RD era, the gravitational potential, the
source of GWs, decays on subhorizon scales, and there-
fore ΩGW becomes constant after the gravitational po-
tential has sufficiently decayed. Here, we define ηc as the
moment when ΩGW becomes constant. Note that since
we focus on small scales, where the effects of an eMD era
may leave traces, ηc is well before the standard matter-
radiation equality time. Taking into account the evolu-
tion of GWs during the late MD era and the change in
the effective relativistic degrees of freedom, we can write
the current energy density parameter ΩGW(η0, k) as [47]
ΩGW(η0, k) = 0.39
( gc
106.75
)−1/3
Ωr,0ΩGW(ηc, k), (15)
where Ωr,0 is the current value of the energy density pa-
rameter for radiation. In this paper, we denote the ef-
fective relativistic degrees of freedom by g, and gc in this
equation is its value at η = ηc.
III. CALCULATIONS OF INDUCED
GRAVITATIONAL WAVES
Using the above equations and the analytic formulas
in Ref. [10], we calculate induced GWs. To be specific,
we assume the following power spectrum of the curvature
perturbation:
Pζ(k) = Θ(kmax − k)As
(
k
k∗
)ns−1
, (16)
where As is the amplitude at the pivot scale k∗, ns is
the tilt of the power spectrum, and Θ is the Heaviside
step function. We introduce kmax as the cutoff scale of
the power spectrum. Since matter density perturbations
grow in proportion to the scale factor during a MD era,
perturbations may enter into the non-linear regime, de-
pending on the amplitude of primordial fluctuations and
the duration of an eMD era. If perturbations remain in
the linear regime during an eMD era, the cutoff scale is
the Hubble radius at the beginning of an eMD era. On
the other hand if such nonlinearities arise, kmax should
be chosen as the wavenumber of perturbations that are
entering the non-linear regime at the end of an eMD era,
since our formalism is based on the linear theory.3 In
this case, the smallest scale on which we can apply the
linear theory is approximated as [39]
kNL ∼ 470/ηR. (17)
Hence, to ensure the validity of our analysis, we limit our
analysis to cases with kmax ≤ 450/ηR. That is, we do
not take into account GWs that are generated from non-
linear perturbations, and this means our analysis would
lead to conservative estimations of the GW spectrum.
Figure 1 shows the scale dependence of the spectrum
of induced GWs. In this figure, we take ns = 1 for sim-
plicity. We can see that ΩGW,RD is much larger than
ΩGW,eMD. This is because the GWs induced during the
3 There are works discussing GWs induced by non-linear pertur-
bations, though the results inevitably involve some uncertain-
ties [48, 49].
4RD era by the subhorizon perturbations that entered the
horizon during an eMD era, neglected in the previous
works but taken into account in this work, are significant.
For comparison, we also plot the GW spectra induced by
the power spectra of P(k) = Θ(kmax−k)Θ(k−0.7kmax)As
and P(k) = Θ(0.7kmax − k)Θ(k − 0.4kmax)As with blue
and red lines. As shown in the figure, the contributions
from the smallest scales (blue dashed line) are the dom-
inant contributions to the total spectrum (solid black
line) except for the large-scale-side tail of the sharp peak
(0.3 . k/kmax . 1). This sharp peak is due to the res-
onance effect, which is a characteristic feature of GWs
induced during the RD era [4], when the gravitational
potential oscillates. The tail of the sharp peak is formed
by the envelope of the resonance effects on these scales
(see the red dot-dashed line). In this way, the spec-
trum of the induced GWs is produced dominantly by
the smallest scales, and the resonant amplification plays
a key role. This understanding becomes clearer in Ap-
pendix B, where we derive approximate analytic formu-
las for induced GWs for sudden-reheating scenarios. On
much larger scales, the contributions from the perturba-
tions entering the horizon after the reheating dominate
induced GWs, whose spectrum becomes scale invariant
ΩGW(ηc, k) ' 0.8222A2s [10]. This can be observed in
the GW spectrum for k < 109Mpc−1 in Fig. 2, though
in that figure a slightly scale-dependent primordial spec-
trum is assumed, leading to a slight scale dependence of
ΩGW.
The main reason why induced GWs are enhanced is
that the gravitational potential Φ with large k ( 1/ηR)
is constant until η = ηR and, after the reheating, it os-
cillates with the timescale ∼ 1/k, much shorter than
its decay timescale ∼ ηR. Due to the fast oscillations
of perturbations with unsuppressed amplitudes, which
remained constant until the moment of the reheating,
induced GWs are significantly enhanced.4 Note that
the dominant contributions come from the last term in
Eq. (6), which involves two time derivatives of the grav-
itational potential. This is because, at the beginning
of the RD era, the last term can be approximated as
H−2Φ′Φ′ ∼ (kηR)2Φ2  Φ2 for the perturbations that
entered the horizon well before the sudden reheating. In
other words, the factor (kηR)
2 in the source term and the
amplitude of Φ that remained constant until the reheat-
ing are the main causes for the enhancement.
In addition to numerical solutions, we also obtain ap-
proximate analytic formulas of ΩGW,RD in Appendix B,
with ΩGW,RD given by the sum of Eqs. (B5) and (B7).
4 Although the perturbations entering the horizon during the RD
era also oscillate with the timescale much shorter than their de-
cay timescale well after (not soon after) the horizon entry, the
amplitudes of the perturbations start to decay soon after the
horizon entry, unlike during an eMD era, and therefore the en-
hancement is not caused by the perturbations entering the hori-
zon during the RD era.
0.001 0.0050.010 0.0500.100 0.500 10.01
100
106
1010
 GW,RD
/A
2
s
<latexit sha1_base64="vkL5BssjvlnWsd9j26Ra7nf+lmA=">AAAGF3icjZRLb9NAEMenKaalPJq2l1ZcKqIiDiisKyQQpz4ihQMVaZrElZpi2WabWvGr9iZQrKp3vgBC nEDqASHBR+CAhHrlwKEfoeqxSFw4MN41QhA/slHi2f/Ob2dmPVnds8yAEXIyUhi9IF0cG780cfnK1WuTxanpVuD2fIM2Dddy/U1dC6hlOrTJTGbRTc+nmq1bVNG7q9G60qd+YLpOg+17dNvWOo65YxoaQ0ktzrUf27SjqW1Gn7OwqtyuVw7uLKvBk0W1WCJlwsf8oCHHRgniUXOnCgG04Sm4YEAPbKDgAEPbAg0C/GyBDAQ81LYhRM1Hy+TrFA5gAtkeelH0 0FDt4m8HZ1ux6uA82jPgtIFRLPz6SM7DAvlO3pNzckw+kFPyK3WvkO8R5bKPT12w1FMnX85u/MylbHwy2P1LZebMYAfu81xNzN3jSlSFIfj+i1fnGw/qC+FN8o6cYf5vyQn5ghU4/R/G0Tqtv8nIR8e6NZxT3DP95CI/O153cP6Mn5rN63DwPYWoU2ihR2T9qc5HK4z1bLabSneH4tdS+bWh+GoqXx0yvsffRlJ8sZLNP+R9O0gLPZutJJKVXK6RyDVyuUf YhUmk0LPZGv7Tklih5/XXXkp/7Q0RdwXPMjmyWMmLnRw5v6+UlK5SBIs3o/z/PThotBbLMinL63dLSyvxHTkO1+EG3MJ78B4sYQU1aGL8QziCj/BJei19lr5Kx8K1MBIzM/DPkL79BqZRTqk=</latexit><latexit sha1_base64="vkL5BssjvlnWsd9j26Ra7nf+lmA=">AAAGF3icjZRLb9NAEMenKaalPJq2l1ZcKqIiDiisKyQQpz4ihQMVaZrElZpi2WabWvGr9iZQrKp3vgBC nEDqASHBR+CAhHrlwKEfoeqxSFw4MN41QhA/slHi2f/Ob2dmPVnds8yAEXIyUhi9IF0cG780cfnK1WuTxanpVuD2fIM2Dddy/U1dC6hlOrTJTGbRTc+nmq1bVNG7q9G60qd+YLpOg+17dNvWOo65YxoaQ0ktzrUf27SjqW1Gn7OwqtyuVw7uLKvBk0W1WCJlwsf8oCHHRgniUXOnCgG04Sm4YEAPbKDgAEPbAg0C/GyBDAQ81LYhRM1Hy+TrFA5gAtkeelH0 0FDt4m8HZ1ux6uA82jPgtIFRLPz6SM7DAvlO3pNzckw+kFPyK3WvkO8R5bKPT12w1FMnX85u/MylbHwy2P1LZebMYAfu81xNzN3jSlSFIfj+i1fnGw/qC+FN8o6cYf5vyQn5ghU4/R/G0Tqtv8nIR8e6NZxT3DP95CI/O153cP6Mn5rN63DwPYWoU2ihR2T9qc5HK4z1bLabSneH4tdS+bWh+GoqXx0yvsffRlJ8sZLNP+R9O0gLPZutJJKVXK6RyDVyuUf YhUmk0LPZGv7Tklih5/XXXkp/7Q0RdwXPMjmyWMmLnRw5v6+UlK5SBIs3o/z/PThotBbLMinL63dLSyvxHTkO1+EG3MJ78B4sYQU1aGL8QziCj/BJei19lr5Kx8K1MBIzM/DPkL79BqZRTqk=</latexit><latexit sha1_base64="vkL5BssjvlnWsd9j26Ra7nf+lmA=">AAAGF3icjZRLb9NAEMenKaalPJq2l1ZcKqIiDiisKyQQpz4ihQMVaZrElZpi2WabWvGr9iZQrKp3vgBC nEDqASHBR+CAhHrlwKEfoeqxSFw4MN41QhA/slHi2f/Ob2dmPVnds8yAEXIyUhi9IF0cG780cfnK1WuTxanpVuD2fIM2Dddy/U1dC6hlOrTJTGbRTc+nmq1bVNG7q9G60qd+YLpOg+17dNvWOo65YxoaQ0ktzrUf27SjqW1Gn7OwqtyuVw7uLKvBk0W1WCJlwsf8oCHHRgniUXOnCgG04Sm4YEAPbKDgAEPbAg0C/GyBDAQ81LYhRM1Hy+TrFA5gAtkeelH0 0FDt4m8HZ1ux6uA82jPgtIFRLPz6SM7DAvlO3pNzckw+kFPyK3WvkO8R5bKPT12w1FMnX85u/MylbHwy2P1LZebMYAfu81xNzN3jSlSFIfj+i1fnGw/qC+FN8o6cYf5vyQn5ghU4/R/G0Tqtv8nIR8e6NZxT3DP95CI/O153cP6Mn5rN63DwPYWoU2ihR2T9qc5HK4z1bLabSneH4tdS+bWh+GoqXx0yvsffRlJ8sZLNP+R9O0gLPZutJJKVXK6RyDVyuUf YhUmk0LPZGv7Tklih5/XXXkp/7Q0RdwXPMjmyWMmLnRw5v6+UlK5SBIs3o/z/PThotBbLMinL63dLSyvxHTkO1+EG3MJ78B4sYQU1aGL8QziCj/BJei19lr5Kx8K1MBIzM/DPkL79BqZRTqk=</latexit><latexit sha1_base64="vkL5BssjvlnWsd9j26Ra7nf+lmA=">AAAGF3icjZRLb9NAEMenKaalPJq2l1ZcKqIiDiisKyQQpz4ihQMVaZrElZpi2WabWvGr9iZQrKp3vgBC nEDqASHBR+CAhHrlwKEfoeqxSFw4MN41QhA/slHi2f/Ob2dmPVnds8yAEXIyUhi9IF0cG780cfnK1WuTxanpVuD2fIM2Dddy/U1dC6hlOrTJTGbRTc+nmq1bVNG7q9G60qd+YLpOg+17dNvWOo65YxoaQ0ktzrUf27SjqW1Gn7OwqtyuVw7uLKvBk0W1WCJlwsf8oCHHRgniUXOnCgG04Sm4YEAPbKDgAEPbAg0C/GyBDAQ81LYhRM1Hy+TrFA5gAtkeelH0 0FDt4m8HZ1ux6uA82jPgtIFRLPz6SM7DAvlO3pNzckw+kFPyK3WvkO8R5bKPT12w1FMnX85u/MylbHwy2P1LZebMYAfu81xNzN3jSlSFIfj+i1fnGw/qC+FN8o6cYf5vyQn5ghU4/R/G0Tqtv8nIR8e6NZxT3DP95CI/O153cP6Mn5rN63DwPYWoU2ihR2T9qc5HK4z1bLabSneH4tdS+bWh+GoqXx0yvsffRlJ8sZLNP+R9O0gLPZutJJKVXK6RyDVyuUf YhUmk0LPZGv7Tklih5/XXXkp/7Q0RdwXPMjmyWMmLnRw5v6+UlK5SBIs3o/z/PThotBbLMinL63dLSyvxHTkO1+EG3MJ78B4sYQU1aGL8QziCj/BJei19lr5Kx8K1MBIzM/DPkL79BqZRTqk=</latexit>
 GW,eMD
/A
2
s
<latexit sha1_base64="TtXT9WhL+Fe1C4/CQnQ7Rnbj79w=">AAAGGHicjZTPaxNREMen0bW1/miqF9FLMVQ8SHxbBMVTrYF4MJi2SbbQ1GV3naZL9ld3X6J1KXj2HxD0pKAgHvRP EDyo10IP/RPEYwUvHpx9uyKa/ZEXkp33ffN5M/N28nTPMgPO2MFE6chR6djk1PHpEydPnZ4pz57pBO7AN7BtuJbrr+lagJbpYJub3MI1z0fN1i1U9P7taF0Zoh+YrtPiOx5u2FrPMTdNQ+MkqeXz3Xs29jS1y/ERD+vKFWzUdq/eUoP7C2q5wqpMjLlRQ06MCiSj6c6WAujCA3DBgAHYgOAAJ9sCDQL6rIMMDDzSNiAkzSfLFOsIuzBN7IC8kDw0Uvv026PZeqI6NI/2DARtUBS Lvj6RczDP9tlbdsi+sHfsG/uVuVco9ohy2aGnHrPoqTNPz63+LKRsenLY+kvl5sxhE26IXE3K3RNKVIUR88PHzw5Xb67Mh5fYK/ad8n/JDtgnqsAZ/jBeL+PKi5x8dKpboznSntknF/nZybpD84fi1GxRh0PvKSQdoUMekfWnOp+sMNHz2X4m3R+Lb2TyjbH4eiZfHzO+J95GWvx4JZ+/I/p2lI71fLaWStYKuVYq1yrk7lIXppGxns826Z+WxsZ6UX9tZ/TX9hhxl+gs0yPHK0W x0yMX95WS0VVKzNLNKP9/D44anYWqzKry8rXK4lJyR07BBbgIl+kevA6LVEET2hT/CbyB9/BBei59lD5LX2PX0kTCnIV/hrT3G/KGTxM=</latexit><latexit sha1_base64="TtXT9WhL+Fe1C4/CQnQ7Rnbj79w=">AAAGGHicjZTPaxNREMen0bW1/miqF9FLMVQ8SHxbBMVTrYF4MJi2SbbQ1GV3naZL9ld3X6J1KXj2HxD0pKAgHvRP EDyo10IP/RPEYwUvHpx9uyKa/ZEXkp33ffN5M/N28nTPMgPO2MFE6chR6djk1PHpEydPnZ4pz57pBO7AN7BtuJbrr+lagJbpYJub3MI1z0fN1i1U9P7taF0Zoh+YrtPiOx5u2FrPMTdNQ+MkqeXz3Xs29jS1y/ERD+vKFWzUdq/eUoP7C2q5wqpMjLlRQ06MCiSj6c6WAujCA3DBgAHYgOAAJ9sCDQL6rIMMDDzSNiAkzSfLFOsIuzBN7IC8kDw0Uvv026PZeqI6NI/2DARtUBS Lvj6RczDP9tlbdsi+sHfsG/uVuVco9ohy2aGnHrPoqTNPz63+LKRsenLY+kvl5sxhE26IXE3K3RNKVIUR88PHzw5Xb67Mh5fYK/ad8n/JDtgnqsAZ/jBeL+PKi5x8dKpboznSntknF/nZybpD84fi1GxRh0PvKSQdoUMekfWnOp+sMNHz2X4m3R+Lb2TyjbH4eiZfHzO+J95GWvx4JZ+/I/p2lI71fLaWStYKuVYq1yrk7lIXppGxns826Z+WxsZ6UX9tZ/TX9hhxl+gs0yPHK0W x0yMX95WS0VVKzNLNKP9/D44anYWqzKry8rXK4lJyR07BBbgIl+kevA6LVEET2hT/CbyB9/BBei59lD5LX2PX0kTCnIV/hrT3G/KGTxM=</latexit><latexit sha1_base64="TtXT9WhL+Fe1C4/CQnQ7Rnbj79w=">AAAGGHicjZTPaxNREMen0bW1/miqF9FLMVQ8SHxbBMVTrYF4MJi2SbbQ1GV3naZL9ld3X6J1KXj2HxD0pKAgHvRP EDyo10IP/RPEYwUvHpx9uyKa/ZEXkp33ffN5M/N28nTPMgPO2MFE6chR6djk1PHpEydPnZ4pz57pBO7AN7BtuJbrr+lagJbpYJub3MI1z0fN1i1U9P7taF0Zoh+YrtPiOx5u2FrPMTdNQ+MkqeXz3Xs29jS1y/ERD+vKFWzUdq/eUoP7C2q5wqpMjLlRQ06MCiSj6c6WAujCA3DBgAHYgOAAJ9sCDQL6rIMMDDzSNiAkzSfLFOsIuzBN7IC8kDw0Uvv026PZeqI6NI/2DARtUBS Lvj6RczDP9tlbdsi+sHfsG/uVuVco9ohy2aGnHrPoqTNPz63+LKRsenLY+kvl5sxhE26IXE3K3RNKVIUR88PHzw5Xb67Mh5fYK/ad8n/JDtgnqsAZ/jBeL+PKi5x8dKpboznSntknF/nZybpD84fi1GxRh0PvKSQdoUMekfWnOp+sMNHz2X4m3R+Lb2TyjbH4eiZfHzO+J95GWvx4JZ+/I/p2lI71fLaWStYKuVYq1yrk7lIXppGxns826Z+WxsZ6UX9tZ/TX9hhxl+gs0yPHK0W x0yMX95WS0VVKzNLNKP9/D44anYWqzKry8rXK4lJyR07BBbgIl+kevA6LVEET2hT/CbyB9/BBei59lD5LX2PX0kTCnIV/hrT3G/KGTxM=</latexit><latexit sha1_base64="TtXT9WhL+Fe1C4/CQnQ7Rnbj79w=">AAAGGHicjZTPaxNREMen0bW1/miqF9FLMVQ8SHxbBMVTrYF4MJi2SbbQ1GV3naZL9ld3X6J1KXj2HxD0pKAgHvRP EDyo10IP/RPEYwUvHpx9uyKa/ZEXkp33ffN5M/N28nTPMgPO2MFE6chR6djk1PHpEydPnZ4pz57pBO7AN7BtuJbrr+lagJbpYJub3MI1z0fN1i1U9P7taF0Zoh+YrtPiOx5u2FrPMTdNQ+MkqeXz3Xs29jS1y/ERD+vKFWzUdq/eUoP7C2q5wqpMjLlRQ06MCiSj6c6WAujCA3DBgAHYgOAAJ9sCDQL6rIMMDDzSNiAkzSfLFOsIuzBN7IC8kDw0Uvv026PZeqI6NI/2DARtUBS Lvj6RczDP9tlbdsi+sHfsG/uVuVco9ohy2aGnHrPoqTNPz63+LKRsenLY+kvl5sxhE26IXE3K3RNKVIUR88PHzw5Xb67Mh5fYK/ad8n/JDtgnqsAZ/jBeL+PKi5x8dKpboznSntknF/nZybpD84fi1GxRh0PvKSQdoUMekfWnOp+sMNHz2X4m3R+Lb2TyjbH4eiZfHzO+J95GWvx4JZ+/I/p2lI71fLaWStYKuVYq1yrk7lIXppGxns826Z+WxsZ6UX9tZ/TX9hhxl+gs0yPHK0W x0yMX95WS0VVKzNLNKP9/D44anYWqzKry8rXK4lJyR07BBbgIl+kevA6LVEET2hT/CbyB9/BBei59lD5LX2PX0kTCnIV/hrT3G/KGTxM=</latexit>
P /As
<latexit sha1_base64="esKmiNJ5UoavFLdUa0oEA95bngE=">AAAGEnicjZQ7bxNBEMcnhoMQHnGAAonGwgqiMnMICUQVQqRQEMlJ/IgUR6e9yyY5+V65WxvFJ74ANRIFDS BRBL4BHUpDQUuRj4Aog0RDwdzuIQS+h9eyb/a/89uZ2RuvGTh2JBCPpyqnTmtnzk6fmzl/4eKl2erc5U7kD0KLty3f8cMNk0XcsT3eFrZw+EYQcuaaDu+a/UfJenfIw8j2vZY4CPiWy3Y9e8e2mCDJqF7tuUzsWcypNY3eiAt2+6ERGdU6NlCO2rihp0Yd0tH05yoR9GAbfLBgAC5w8ECQ7QCDiD6boANCQNoWxKSFZNlyncMzmCF2QF6cPBipffrdpdlmqno0T/ aMJG1RFIe+IZE1mMeveIgn+Bk/4Df8lbtXLPdIcjmgp6lYHhizz6+t/yylXHoK2PtLFeYsYAfuy1xtyj2QSlKFpfjh6OXJ+oO1+fgmvsXvlP8bPMYjqsAb/rDerfK1VwX5mFQ3ozmnPfNPLvFz03WP5k/lqbmyDo/eU0w6hw55JNaf6kKy4lQvZvu5dH8ifiWXX5mIX87llyeMH8i3kRVfrRTzj2XfjtNKL2aXMsmlUq6VybVKuSfUhVmk0ovZJv3Tslill/XXfk 5/7U8Qd5HOMjuyWimLnR25vK+6OV3VVSzdjPr/9+C40bnT0LGhr96tLyymd+Q0XIcbcIvuwXuwQBU0oU3xR/AaDuG99kL7qH3SjpRrZSplrsA/Q/vyG8JzTN8=</latexit><latexit sha1_base64="esKmiNJ5UoavFLdUa0oEA95bngE=">AAAGEnicjZQ7bxNBEMcnhoMQHnGAAonGwgqiMnMICUQVQqRQEMlJ/IgUR6e9yyY5+V65WxvFJ74ANRIFDS BRBL4BHUpDQUuRj4Aog0RDwdzuIQS+h9eyb/a/89uZ2RuvGTh2JBCPpyqnTmtnzk6fmzl/4eKl2erc5U7kD0KLty3f8cMNk0XcsT3eFrZw+EYQcuaaDu+a/UfJenfIw8j2vZY4CPiWy3Y9e8e2mCDJqF7tuUzsWcypNY3eiAt2+6ERGdU6NlCO2rihp0Yd0tH05yoR9GAbfLBgAC5w8ECQ7QCDiD6boANCQNoWxKSFZNlyncMzmCF2QF6cPBipffrdpdlmqno0T/ aMJG1RFIe+IZE1mMeveIgn+Bk/4Df8lbtXLPdIcjmgp6lYHhizz6+t/yylXHoK2PtLFeYsYAfuy1xtyj2QSlKFpfjh6OXJ+oO1+fgmvsXvlP8bPMYjqsAb/rDerfK1VwX5mFQ3ozmnPfNPLvFz03WP5k/lqbmyDo/eU0w6hw55JNaf6kKy4lQvZvu5dH8ifiWXX5mIX87llyeMH8i3kRVfrRTzj2XfjtNKL2aXMsmlUq6VybVKuSfUhVmk0ovZJv3Tslill/XXfk 5/7U8Qd5HOMjuyWimLnR25vK+6OV3VVSzdjPr/9+C40bnT0LGhr96tLyymd+Q0XIcbcIvuwXuwQBU0oU3xR/AaDuG99kL7qH3SjpRrZSplrsA/Q/vyG8JzTN8=</latexit><latexit sha1_base64="esKmiNJ5UoavFLdUa0oEA95bngE=">AAAGEnicjZQ7bxNBEMcnhoMQHnGAAonGwgqiMnMICUQVQqRQEMlJ/IgUR6e9yyY5+V65WxvFJ74ANRIFDS BRBL4BHUpDQUuRj4Aog0RDwdzuIQS+h9eyb/a/89uZ2RuvGTh2JBCPpyqnTmtnzk6fmzl/4eKl2erc5U7kD0KLty3f8cMNk0XcsT3eFrZw+EYQcuaaDu+a/UfJenfIw8j2vZY4CPiWy3Y9e8e2mCDJqF7tuUzsWcypNY3eiAt2+6ERGdU6NlCO2rihp0Yd0tH05yoR9GAbfLBgAC5w8ECQ7QCDiD6boANCQNoWxKSFZNlyncMzmCF2QF6cPBipffrdpdlmqno0T/ aMJG1RFIe+IZE1mMeveIgn+Bk/4Df8lbtXLPdIcjmgp6lYHhizz6+t/yylXHoK2PtLFeYsYAfuy1xtyj2QSlKFpfjh6OXJ+oO1+fgmvsXvlP8bPMYjqsAb/rDerfK1VwX5mFQ3ozmnPfNPLvFz03WP5k/lqbmyDo/eU0w6hw55JNaf6kKy4lQvZvu5dH8ifiWXX5mIX87llyeMH8i3kRVfrRTzj2XfjtNKL2aXMsmlUq6VybVKuSfUhVmk0ovZJv3Tslill/XXfk 5/7U8Qd5HOMjuyWimLnR25vK+6OV3VVSzdjPr/9+C40bnT0LGhr96tLyymd+Q0XIcbcIvuwXuwQBU0oU3xR/AaDuG99kL7qH3SjpRrZSplrsA/Q/vyG8JzTN8=</latexit><latexit sha1_base64="esKmiNJ5UoavFLdUa0oEA95bngE=">AAAGEnicjZQ7bxNBEMcnhoMQHnGAAonGwgqiMnMICUQVQqRQEMlJ/IgUR6e9yyY5+V65WxvFJ74ANRIFDS BRBL4BHUpDQUuRj4Aog0RDwdzuIQS+h9eyb/a/89uZ2RuvGTh2JBCPpyqnTmtnzk6fmzl/4eKl2erc5U7kD0KLty3f8cMNk0XcsT3eFrZw+EYQcuaaDu+a/UfJenfIw8j2vZY4CPiWy3Y9e8e2mCDJqF7tuUzsWcypNY3eiAt2+6ERGdU6NlCO2rihp0Yd0tH05yoR9GAbfLBgAC5w8ECQ7QCDiD6boANCQNoWxKSFZNlyncMzmCF2QF6cPBipffrdpdlmqno0T/ aMJG1RFIe+IZE1mMeveIgn+Bk/4Df8lbtXLPdIcjmgp6lYHhizz6+t/yylXHoK2PtLFeYsYAfuy1xtyj2QSlKFpfjh6OXJ+oO1+fgmvsXvlP8bPMYjqsAb/rDerfK1VwX5mFQ3ozmnPfNPLvFz03WP5k/lqbmyDo/eU0w6hw55JNaf6kKy4lQvZvu5dH8ifiWXX5mIX87llyeMH8i3kRVfrRTzj2XfjtNKL2aXMsmlUq6VybVKuSfUhVmk0ovZJv3Tslill/XXfk 5/7U8Qd5HOMjuyWimLnR25vK+6OV3VVSzdjPr/9+C40bnT0LGhr96tLyymd+Q0XIcbcIvuwXuwQBU0oU3xR/AaDuG99kL7qH3SjpRrZSplrsA/Q/vyG8JzTN8=</latexit>
FIG. 1. Energy density parameters of GWs, for each loga-
rithmic interval of wavenumber, induced during the RD era
(ΩGW,RD(ηc, k)) and during an eMD era (ΩGW,eMD(ηc, k)), as
well as the power spectrum Pζ(k) of curvature perturbations.
They are normalized by A2s or As, respectively, and we take
ηR = 450/kmax. The black lines are derived from Pζ(k) =
Θ(kmax − k)As. For comparison, the blue and red lines are
also shown, which are derived from Pζ(k) = Θ(kmax−k)Θ(k−
0.7kmax)As and Pζ(k) = Θ(0.7kmax−k)Θ(k−0.4kmax)As, re-
spectively.
Using these expressions, the GW spectrum is roughly ex-
pressed as
ΩGW(ηc, k)
A2s
'

0.8 (xR . 150x−5/3max,R)
3× 10−7x3Rx5max,R (150x−5/3max,R . xR  1)
1× 10−6xRx5max,R (1 xR . x5/6max,R)
3× 10−7x7R (x5/6max,R . xR . xmax,R)
(sharp drop) (xmax,R . xR ≤ 2xmax,R)
,
(18)
neglecting a logarithmic factor for the second line.
IV. DETERMINATION OF REHEATING
TEMPERATURE
In the previous section, we have shown that the in-
duced GWs can be much larger than those previously re-
ported [10, 37, 38]. In the following, we consider the GWs
induced by the almost scale-invariant power spectrum,
given in Eq. (16), with As = 2.1×10−9, k∗ = 0.05 Mpc−1,
and ns = 0.96 [44]. Figure 2 shows the sensitivity curves
of current and future GW experiments and plots for
ΩGW of the GWs induced by this power spectrum with
kmax = 10
14Mpc−1. This figure shows that the induced
GWs associated with a sudden transition from an eMD
era to the RD era could in principle be observable by fu-
ture projects. Since the height and scale of the peak are
determined by the scale of the reheating and the cutoff
kmax, we discuss what range of the reheating tempera-
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FIG. 2. Effective sensitivities to stochastic GWs of
current and future experiments. Note that we plot
ΩGW,effh
2/
√
Tobsf/10 as a sensitivity curve for each exper-
iment. We consider the same experiments and take the
same parameters as in Ref. [16]. In particular, we take the
same parameter sets of observation time for each experiment:
Tobs = 18 years for EPTA, Tobs = 20 years for SKA, and
Tobs = 1 year for the other experiments. The shaded re-
gions have already been excluded by the existing observa-
tional data. See Ref. [16] for more details about the sensi-
tivity curve of each experiment. Black lines show the energy
density parameters of the GWs induced by the power spec-
trum of Pζ(k) = 2.1× 10−9(k/0.05 Mpc−1)−0.04Θ(kmax − k).
We take kmax = 10
14Mpc−1 for all these three lines and
ηR = 450/kmax, ηR = 200/kmax and ηR = 100/kmax for each
line, respectively.
ture could be probed by future observations searching
for GWs.
We adopt an analysis similar to that in our previous
paper [16] (see also Ref. [50]). We use the signal-to-noise
ratio ρ for GW interferometers given by [50].
ρ =
√
2Tobs
[∫ fmax
fmin
df
(
ΩGW(f)
ΩGW,eff(f)
)2]1/2
. (19)
Here, Tobs is the observation time, and (fmin, fmax) is the
range of observable frequencies for each project. ΩGW,eff
is the effective sensitivity curve, which is calculated for
each project (see Ref. [16] for detail). For pulsar timing
array (PTA) observations, we use [51–53]
ρ =
√
2Tobs
(
M∑
I=1
M∑
J>I
χ2IJ
)1/2
×
[∫ fmax
fmin
df
(
ΩGW(f)
Ωn(f) + ΩGW(f)
)2]1/2
. (20)
In this expression, M is the number of the observed pul-
sars, χIJ is the Hellings and Downs coefficient, and Ωn
is the energy density parameter for noise of each pulsar.
We take the same parameters and noise power spectrum
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FIG. 3. Relation between the cutoff scale multiplied by ηR
and the reheating temperature that can be probed by the
future observations. We take Tobs = 20 yr for SKA and Tobs =
1 yr for the others. The curves correspond to the values of
kmaxηR required to reach the signal-to-noise ratio of unity
(ρ = 1) for the experiments at each reheating temperature.
The brown shaded region is already excluded by the big bang
nucleosynthesis and the Planck data [55].
as in Ref. [16] assuming that the noise is dominated by
the white timing noise [50].
Using the effective sensitivity curves in Fig. 2, we de-
rive the cutoff scale to give ρ = 1 for each project and
reheating temperature. The numerical results are shown
in Fig. 3. When we derive the curves, we use the ap-
proximation formulas given in Eqs. (B5), (B7), and (B9)
to save the computational time.5 In this figure, we take
Tobs = 20 years for SKA and Tobs = 1 year for the other
projects and assume no foreground for simplicity. When
we obtain these plots, we have used the following relation
between the conformal time and the temperature [16]6
aH
aeqHeq
=
1√
2
(
gs,eq
gs
)1/3(
g
geq
)1/2
T
Teq
,
⇒ ηR
10−14Mpc
=
( gs
106.75
)1/3 ( g
106.75
)−1/2
×
(
TR
1.2× 107GeV
)−1
, (21)
5 For simplicity, we use the formulas for the scale-invariant spec-
trum, given in Eqs. (B5), (B7), and (B9), instead of those for
the power-law spectrum, given in Eqs. (B10)-(B13). Since the
enhancement of the induced GWs is mainly caused by the per-
turbations on the smallest scales (k ∼ kmax) and the tilt of the
power spectrum is small, we can approximately use the formu-
las for the scale-invariant spectrum whose amplitude is given by
As(kmax/k∗)ns−1. We have also numerically checked that the
effect of the tilt with ns = 0.96 around the smallest scale on the
enhanced GW spectrum is negligible.
6 To derive Eq. (21), we use the relation aeqHeq = keq(=
0.0103 Mpc−1) [44, 54]. This relation corrects the factor given
in Ref. [16].
6where the subscript “eq” means the value at the late
matter-radiation equality (z ∼ 3400), and gs is the effec-
tive degrees of freedom for the entropy density. Note
again that the peak scale of the induced GWs corre-
sponds to k ∼ kmax, not k ∼ 1/ηR. Figure 3 shows
that, in the case of kmaxηR = 450, the ranges of reheat-
ing temperature that future observations could investi-
gate are TR . 7 × 10−2 GeV for SKA, 20 GeV . TR .
4 × 103 GeV for LISA, 20 GeV . TR . 1 × 107 GeV for
DECIGO, 20 GeV . TR . 2 × 107 GeV for BBO, and
4× 105 GeV . TR . 2× 107 GeV for ET.
V. CONCLUSIONS
We have studied the effects of an eMD era on the in-
duced GWs. In particular, we have focused on a sudden-
reheating scenario, in which the reheating completes on
a timescale much shorter than the Hubble time at that
time. Then, we have found that the induced GWs can
be significantly enhanced in such a scenario. The main
contributions to the enhanced GWs come from the GWs
induced during the RD era by the perturbations that en-
tered the horizon during the eMD era. This is due to
the fast oscillations of the perturbations after the sudden
transition. This enhancement is qualitatively opposite to
the suppression of induced GWs in gradual-reheating sce-
narios, which we report in our accompanying paper [39].
This means that the eMD effects on the induced GWs
strongly depend on how the reheating takes place.
We have also numerically calculated the induced GWs
with realistic power spectra of curvature perturbations
and discussed possibilities of determining the reheating
temperature observationally for sudden-reheating sce-
narios. We have found that if an eMD era lasts for
224ηeMD,start, where ηeMD,start is the conformal time at
the start of the eMD era,7 the reheating temperatures
in the range TR . 7 × 10−2GeV or 20 GeV . TR .
2 × 107 GeV could be probed by future GW projects,
such as SKA, LISA, DECIGO, BBO, and ET. Note that,
if an eMD era starts right after inflation era, the dura-
tion of the eMD era of O(100)ηeMD,start corresponds to
ρ
1/4
inf /TR ∼ O(103), where ρinf is the energy density dur-
ing the inflation era.
Since the enhancement of the induced GWs we find
is so significant, one may wonder if it is consistent with
some physical requirements. Hence, we briefly mention
some consistency checks. Let us first discuss energy con-
servation and backreaction. Note that the dominant
part of the energy density of the induced GWs is gen-
erated soon after the reheating transition by the short-
wavelength modes at around k ∼ kmax, and the enhance-
7 Note that the wavenumber corresponding to the horizon scale
at ηeMD,start satisfies keMD,startηR = 450 because keMD,start =
aeMD,startHeMD,start = 2/ηeMD,start and ηR = 225ηeMD,start in
this case (the duration is ηR − ηeMD,start = 224ηeMD,start).
ment is stronger for kmax closer to the non-linear scale
kNL. By definition, the energy density of density pertur-
bations at scales around kNL is comparable to the energy
density of the homogeneous component. On the other
hand, in Fig. 1, we have seen that the energy density of
the induced GWs is ΩGW(ηc) ∼ 1012A2s ∼ O(10−6) even
for kmaxηR = 450 (kmax ∼ kNL). The smallness of ΩGW
implies that the energy density of the induced GWs is
much smaller than both the energy density of its source,
namely the density perturbations, and the homogeneous
component. Thus, a backreaction of the GW production
to the thermal history of the Universe would be negligi-
ble.
Another concern may be whether or not GWs in-
duced at third order in scalar perturbations are negli-
gible, given the fact that the second-order contributions
have turned out to be significant. In other words, one
might wonder whether or not sources coming from third
order scalar perturbations appear with many derivatives,
which can be larger than the dominant source in second
order scalar perturbations, H−2Φ′Φ′, even when the per-
turbations are linear (kηR)
2Φ . 1. Complete evaluations
of the third-order contributions are much more compli-
cated than those for the second-order analysis. Thus, we
estimate their orders of magnitudes by listing up possible
third-order terms that appear in the evolution equation
for tensor perturbations and are consistent with general
covariance and the transverse traceless condition. Most
of them turned out to be negligible provided that we are
in the linear regime, where the density perturbations are
less than unity. However, we need to carefully evaluate
the contributions involving the first-order scalar pertur-
bations multiplied by the second-order vector perturba-
tions, which are sourced by first-order scalar perturba-
tions at second order, similarly to the induced GWs we
have studied. That is because the power spectrum of
second-order vector perturbations is larger than that of
second-order tensor perturbations [56]. Full evaluations
of these contributions are beyond the scope of this work,
but we expect that the third-order GWs can be subdom-
inant as long as kmax  kNL.
In this paper, we do not take into account the gauge de-
pendence of the induced GWs [43], GW foregrounds due
to other astrophysical as well as cosmological sources,
and the possible contributions from non-linear perturba-
tions [48, 49], which can arise depending on the length
of the eMD era and the amplitude of the small-scale pri-
mordial fluctuations. Although these issues remain to be
investigated, our result shows that observations of GWs
could possibly reveal the reheating history of the Uni-
verse in the near future.
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Appendix A: A model that realizes a
sudden-reheating transition
In this Appendix, we build a concrete model in which
the reheating happens in a timescale much shorter than
the Hubble time at that time. This ensures that Φ does
not decay during the reheating transition, leading to the
enhancement of induced GWs, reported in this paper, in
contrast to the suppression of induced GWs for a gradual
transition, reported in our accompanying paper [39].
Our idea for a sudden reheating is to initially block the
decay of the field φ, dominating the energy density in the
eMD era, into relativistic daughter particles, collectively
denoted by χ, for some reason related to kinematics or
symmetry, and then to remove the cause of the blocking
in a dynamical manner. For this purpose, we introduce
a field τ , which dynamically triggers the decay of φ into
χ. We dub such a field τ ‘triggeron’. In the models we
discuss below, the mass of χ is dependent on the field
value of τ and a quick change of that field value causes
a sudden decay of φ to χ, which we identify as a sudden
reheating.
1. A scenario for a sudden reheating triggered by a
fast rolling field
The main ideas of this model are as follows. At first,
the initial triggeron value is sufficiently large so that the
decay of φ into two χ particles is kinematically forbid-
den. When the Hubble parameter becomes comparable
to the triggeron mass m, the triggeron starts to roll down
its potential quickly, and it passes through some critical
value at which the decay channel of φ opens. If the decay
rate is much larger than the Hubble scale, the reheating
transition completes quickly.
We consider a simple model that involves three canon-
ically normalized real scalar fields φ, τ , and χ to demon-
strate the ideas. One can easily generalize this model by
considering e.g. complex scalar fields, fermions, or gauge
bosons. The Lagrangian density we assume is
L =− 1
2
∂µφ∂µφ− 1
2
∂µχ∂µχ− 1
2
∂µτ∂µτ − V, (A1)
V =
1
2
M2φ2 +
1
2
m2τ2 +
λ
4
τ2χ2 +
c
2
Mφχ2, (A2)
where M and m denote the masses of φ and τ , respec-
tively, satisfying M2  m2, and λ and c are dimension-
less coupling constants. The third term in the potential
can be interpreted as the τ -dependent mass term for χ,
and the last term provides the decay channel of φ into 2 χ
particles, once the decay becomes kinematically allowed.
The decay rate of φ into 2 χ particles is
Γ =
c2M
32pi
√
1− m
2
χ,eff
(M/2)2
Θ
(
M2 − 4m2χ,eff
)
, (A3)
where m2χ,eff = 〈λτ2/2〉 is the effective mass squared of χ
and it is determined by the time-dependent expectation
value of τ , as mentioned above. Note that the decay rate
is non-zero only when the decay is kinematically possible,
i.e., mχ,eff < M/2, otherwise, it vanishes. The critical
value of triggeron field at which the decay channel opens
is τc = M/
√
2λ.8
There are some conditions for this scenario to work.
Obviously, the initial field value of triggeron τ0 should
be large enough to satisfy τ0 > τc. (We may assume
τ0 ≥ 0 without loss of generality.) To make the reheating
transition quick, the speed of τ needs to be sufficiently
large when it passes through the critical point τc, hence
we assume τ0  τc. On the other hand, the triggeron
field should not dominate the energy density, and so τ0
should be much less than the reduced Planck mass MP.
Thus, the required condition for τ0 is
τc  τ0 MP. (A4)
Second, once the decay becomes kinematically possible,
the typical decay rate should be much larger than the
Hubble scale, Γ H. This requires c2M  m. We also
assume that τ eventually decays into radiation before it
would dominate the energy density.
Let us present the time evolution of the gravitational
potential Φ to show how this model works. Figure 4
shows the evolution of Φ in addition to that of the field
τ . For Φ, we use the equations for perturbations that are
used in our accompanying paper [39] to take into account
the decay of φ to χ. This figure shows that the analytical
expression of Φ, given in Eq. (8), is satisfactorily accurate
in sudden-reheating scenarios.
8 To follow the evolutions of the mass of the daughter particles χ
after the decay of φ, we need to take into account the backreac-
tion of the particle production effect to the dynamics of τ , whose
dedicated analysis is beyond the scope of this paper. Once most
of the energy density in φ has been converted to a large number
of χ particles when they are almost massless, energy conservation
implies that τ cannot move significantly. A similar backreaction
effect is discussed in the context of preheating [57]. We expect
that τ is trapped around the origin and assume that the daugh-
ter particles χ remain relativistic in the following analyses. Even
if the daughter particles do not behave as relativistic particles
due to its varying mass, the sudden reheating is realized in the
case where the daughter particles decay or annihilate to other
light particles, including the Standard Model particles, within a
timescale much shorter than the Hubble time at that time.
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FIG. 4. Numerical results for the evolutions of the gravi-
tational potential Φ and the triggeron τ , normalized by M .
We also plot the analytical formula of Φ, given by Eq. (7),
with the black dotted line. We take λ = 0.1, c = 0.1, and
τ0 = 1000M .
Since φ and τ are independent degrees of freedom, fluc-
tuations in τ will introduce additional curvature pertur-
bations and non-Gaussianity due to the modulated re-
heating mechanism [58–62]. To estimate those quantities,
let us first note that the time evolution of the triggeron is
given by τ = τ0 sin(mt)/(mt). The time when it reaches
the minimum (τ = 0) ismt = pi, but it reaches the critical
value slightly before. The decay time is thus estimated
to be
mt =pi
(
1− τc
τ0
)
. (A5)
As discussed e.g. in Ref. [63], the e-folding number is
related to the decay time as
eN ∝ t1/6. (A6)
Thus, we can calculate N ′ = (1/6)t′/t and N ′′ =
(1/6)(t′′/t − (t′/t)2) where the prime denotes differen-
tiation with respect to τ0, and t is evaluated at the decay
time. Explicitly,
N ′ ' τc
6τ20
, N ′′ '− τc
3τ30
, (A7)
noting τc  τ0. Using these values, we obtain
Pζ(τ) =(N ′δτ0)2 '
1
36
(
τc
τ0
)2(
Hinf
2piτ0
)2
, (A8)
fNL =
5
6
(Pζ(τ)
Pζ
)2
N ′′
(N ′)2
' −10
(Pζ(τ)
Pζ
)2
τ0
τc
, (A9)
where ζ represents the total curvature perturbation, and
ζ(τ) is the contribution to ζ from τ . Note that fNL ap-
pears to contain a large factor τ0/τc, but the above ex-
pression implicitly contains the inverse of this factor with
a higher power. Hence, fNL can be sufficiently small. We
conclude that non-Gaussianity can be small enough to
be consistent with observations provided that τ0  τc is
satisfied.
Let us interpret the above model. It is quite natural
that the decay of a field is prohibited by some symmetry.
For example, the lightest particle charged under some
unbroken symmetry is absolutely stable. This is usually
applied to dark matter model building to explain its sta-
bility [64]. Thus, we assume that φ is charged under some
symmetry. If the scalar field is real, as in the above toy
model, the possible charge assignment is limited, and so
the scalar fields will be complex in a more realistic situ-
ation. In this context, τ must be assumed to be a singlet
(non-charged) with respect to the symmetry that pro-
tects φ’s stability because otherwise its initial nonzero
expectation value spontaneously breaks the symmetry.
χ can be interpreted as some charged particle, initially
heavier than φ due to its τ -dependent mass. However,
it subsequently becomes lighter than φ, which triggers
the φ decay. For example, we can assign φ charge +2
and χ charge −1. Or, we can assign φ and χ the same
charge and introduce a chargeless field χ′ with an interac-
tion such as φχ†χ′. In this way, various generalizations
of our simple model would be possible. The produced
relativistic χ particles and antiparticles are assumed to
produce a thermal bath containing Standard Model par-
ticles through scattering and annihilation, which reheats
the Universe.
Alternatively, we may interpret τ as some symmetry
breaking field. When a symmetry is broken, it is often
the case that charged fields (corresponding to χ) become
massive. For example, the Higgs mechanism makes gauge
bosons massive. In the Standard Model, it also makes
fermions massive through Yukawa interactions. One of
the flat directions in the minimal supersymmetric stan-
dard model [65] would be a good candidate for this pur-
pose since most of the fields in the theory (corresponding
to χ) can be massive when it obtains a finite expectation
value. In this case, all the possible decay channels of φ
must be kinematically blocked or sufficiently suppressed.
2. Another sudden-reheating scenario realized by a
field that experiences a first order phase transition
Suppose that φ is protected by a symmetry from decay-
ing, without any decay channels of φ to lighter particles.
Let us further assume that τ is charged under the sym-
metry and is too heavy for φ to decay into. There may
be an interaction term of the form
L = cτφχχ+ . . . , (A10)
where c is a coupling constant. Suppose that initially the
field value of τ is zero, to be contrasted with the previ-
ous model. Then the decay of φ becomes possible once τ
acquires a finite vacuum expectation value, thereby spon-
taneously breaking the symmetry.
Such a symmetry-breaking phase transition can occur
suddenly if the phase transition is first order. The transi-
9tion occurs through the tunneling effect, and the tunnel-
ing rate is exponentially sensitive to the cosmic tempera-
ture (to be more precise, the temperature of the thermal
bath to which τ is coupled), and hence such a transition
is sudden [66]. After the transition, φ becomes able to
decay into χ particles. Provided that this decay rate is
much larger than the Hubble parameter, the decay com-
pletes within a timescale much shorter than the Hubble
time at that time. Associated with the decay of φ, the
temperature increases, which may restore the symmetry
temporarily. Thus, the importance of the backreaction to
the decay of φ requires a further study. Eventually, the
temperature decreases, and τ settles to the symmetry-
breaking vacuum.
One way to suppress the backreaction may be to as-
sume that the initial thermal bath is made up of a hidden
sector with τ being a portal to the visible sector. Then,
the increase in the temperature felt by τ would not be
significantly affected by the decay of φ.
Appendix B: Approximate analytic formulas for
induced GWs
Here, we derive analytic formulas of the spectrum of in-
duced GWs with some approximations based on sudden-
reheating scenarios. During an eMD era, Φ is constant,
and in the RD era, after reheating, the general solution
of Φ is given by the sum involving spherical Bessel func-
tions. These solutions for the two epochs are connected
at the transition.
As we can see in Fig. 4, Φ can be well approximated
by Eq. (8) in sudden-reheating scenarios. The explicit
forms of the coefficients A and B in Eqs. (11) and (12)
are
A(xR) =
(
−x
2
R
36
+ 1
)
cos
xR
2
√
3
+
√
3
6
xR sin
xR
2
√
3
, (B1)
B(xR) =
(
−x
2
R
36
+ 1
)
sin
xR
2
√
3
−
√
3
6
xR cos
xR
2
√
3
. (B2)
Note that if we replace x− xR/2 in the expression for Φ
by x, our formulas become those in the case of a pure
RD era, and hence we can use the general formulas in
Appendix A of Ref. [10]. We substitute the above A and
B as well as C = − cos(x−xR/2) and D = sin(x−xR/2)
into these equations with x1 and x2 replaced by x1−xR/2
and x2 − xR/2, respectively. The function I is split into
two terms as in Eq. (13). The contributions generated
during an eMD era have been derived in Ref. [37] and
revised in Ref. [10], and so we here mainly discuss the
contributions generated during the RD era, IRD. As ex-
plained in the main text, this behaves very differently
from the counterpart for a pure RD era, which is ob-
tained in the limit xR → 0, because of fast oscillations
of the modes that are already inside the horizon at the
reheating transition. Extracting the redshift factor from
the function, IRD =
1
x−xR/2IRD, we first calculate IRD,
for which we can use the results of Ref. [10].
Below, we use two different approximations to obtain
two main contributions. The first approximation is valid
for the large-scale modes with k  kmax, and the sec-
ond approximation extracts the resonant contributions
at k . 2kmax/
√
3. The sum of these two contributions
turns out to explain the results of numerical integrations
well. For simplicity, we first consider the spectrum given
in Eq. (16) with ns = 1. Generalization to cases with
an arbitrary ns(>−3/2) is discussed at the end of this
Appendix.
1. Large-scale approximation
As long as the scale k−1 under consideration is much
larger than the smallest scale k−1max, the integrations over
u and v, wavenumbers in units of k, are dominated by the
large t(≡ u+v−1) region (t ∼ xmax,R/xR), hence txR ∼
xmax,R  1. After taking late-time (x  1) oscillation
average and changing variables from u and v, to t and
s ≡ u− v, we find
I2RD '
9t4x8R
163840000
(
pi2 + pi2 cos
sxR√
3
+ 2Ci
(
xR
2
− sxR
2
√
3
)2
+ 2Ci
(
xR
2
+
sxR
2
√
3
)2
+ 4 cos
sxR√
3
Ci
(
xR
2
+
sxR
2
√
3
)
Ci
(
xR
2
− sxR
2
√
3
)
+ 2pi sin
sxR√
3
(
Ci
(
xR
2
+
sxR
2
√
3
)
− Ci
(
xR
2
− sxR
2
√
3
))
− 2pi
(
1 + cos
sxR√
3
)(
Si
(
xR
2
− sxR
2
√
3
)
+ Si
(
xR
2
+
sxR
2
√
3
))
+ 4 sin
sxR√
3
(
Ci
(
xR
2
− sxR
2
√
3
)
Si
(
xR
2
+
sxR
2
√
3
)
− Ci
(
xR
2
+
sxR
2
√
3
)
Si
(
xR
2
− sxR
2
√
3
))
+2Si
(
xR
2
− sxR
2
√
3
)2
+ 2Si
(
xR
2
+
sxR
2
√
3
)2
+ 4 cos
sxR√
3
Si
(
xR
2
+
sxR
2
√
3
)
Si
(
xR
2
− sxR
2
√
3
))
, (B3)
where we have kept only terms with highest powers of
t. The sine and cosine integrals are defined as Si(x) =
∫ x
0
dz sin(z)/z and Ci(x) = − ∫∞
x
dz cos(z)/z. When we
10
vary s, the above quantity varies approximately by a fac-
tor of two at most. However, the angular factor (the
factor in the first line of Eq. (3)) in the large t limit is
(s2 − 1)2, which suppresses the nonzero s part, and so
it turns out that setting s = 0 is a good approximation
for calculating ΩGW with 10% errors at most. If we set
s = 0, it is simplified as
I2RD|s=0 '
9t4x8R
(
4Ci
(
xR
2
)2
+
(
pi − 2Si (xR2 ))2)
81920000
. (B4)
This expression is so simple that we can analytically inte-
grate it over t and s. The integration region is 0 ≤ s ≤ 1
and 0 ≤ t ≤ −s + 2xmax,RxR − 1 for xR ≤ xmax,R, and
0 ≤ s ≤ 2xmax, RxR − 1 and 0 ≤ t ≤ −s + 2
xmax,R
xR
− 1 for
xR > xmax,R. For each case, there is also an integra-
tion region obtained by the replacement s→ −s, but the
symmetry under this inversion ensures that the total re-
sult is obtained by doubling the result obtained from the
integration region with s > 0. Then the GW spectrum
under the large-scale (LS) approximation is
Ω
(LS)
GW,RD(ηc, k) '
4Ci
(
xR
2
)2
+
(
pi − 2Si (xR2 ))2
86016000000
A2sx
3
Rx
5
max,R×(
Θ(xmax,R − xR)
(
5376− 17640k˜ + 23760k˜2 − 16425k˜3 + 5825k˜4 − 847k˜5
)
+Θ(xR − xmax,R)k˜−5
(
2− k˜
)6 (
4− 8k˜ − 9k˜2 + 13k˜3 + 49k˜4
))
, (B5)
where k˜ = xR/xmax,R = k/kmax.
2. The resonant peak contributions
It seems challenging to obtain a simple expression for
the contributions from the xR ' xmax,R region. This is
partly because the leading-order terms (with the highest
power of xR) cancel for generic values of t and s, and the
next-to-leading order terms are complicated.
Let us focus on a specific contribution that corresponds
to the resonance-like peak (logarithmic divergence) at t =√
3−1 in the case of the monochromatic source in a pure
RD era [4]. The origin of the peak is the limit xR → 0 of
the Ci function. In the present case, we do not take the
limit xR → 0, but instead we focus on contributions from
the region where the integration variable t hits the zero
of the Ci function, possibly causing an enhancement. For
this purpose, we do not take the large t limit. Instead,
we can take the large xR limit since it turns out that this
effect is most efficient for the smallest-scale modes.
We focus on the terms containing the Ci function
whose argument can vanish, neglecting the other terms.
Furthermore, we take the late time limit x →∞ as well
as oscillation average. With these approximations, we
find
I2RD ≈
9(−5 + s2 + 2t+ t2)4x8R
81920000(1− s+ t)2(1 + s+ t)2 Ci (|y|)
2
, (B6)
where y ≡ (t − √3 + 1)xR/(2
√
3). We focus on spiky
contributions around y = 0 or equivalently t =
√
3 − 1.
Except for the argument of the Ci function, we may set
t =
√
3 − 1, which enables us to do the integration over
s. Then, the resonant contribution to the GW spectrum
is
Ω
(res)
GW,RD(ηc, k) '
∫ s0(xR)
−s0(xR)
ds
3(1− s2)2
81920000
A2sx
8
R
× 2
∫ 1
0
dyCi(y)2
2
√
3
xR
=
2.30285
102400000
√
3A2sx
7
Rs0(xR)
× (15− 10s20(xR) + 3s40(xR)) , (B7)
where
s0(xR) =

1 xR ≤ 2xmax,R1+√3
2
xmax,R
xR
−√3 2xmax,R
1+
√
3
≤ xR ≤ 2xmax,R√3
0
2xmax,R√
3
≤ xR
.
(B8)
In the first equality in Eq. (B7), we have changed the
integration variable from t to y with the Jacobian factor
2
√
3/xR. This integration is for the spiky part, and so
we limit the integration region to |y| < 1. The choice
of the integration boundary here is somewhat arbitrary,
and this causes uncertainties of order unity.
The total spectrum is approximated by the contribu-
tion produced after the reheating transition, ΩGW '
ΩGW,RD, which is given by the sum of Eqs. (B5) and
(B7):
ΩGW,RD ' Ω(LS)GW,RD + Ω(res)GW,RD. (B9)
This is compared with the numerical result in Fig. 5.
From this figure, we can see that those approximate an-
alytic formulas fit the numerical result very well.
The k dependence of ΩGW is summarized as follows.
It is proportional to k3, neglecting a logarithmic factor,
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FIG. 5. Comparison of the analytic and numerical results
for the induced GWs. The blue solid line shows the numer-
ical result. The orange dotted, greed dashed, and red dot-
dashed lines show the large-scale approximation [Eq. (B5)],
the resonant contribution [Eq. (B7)], and their sum, respec-
tively. We take the power spectrum given in Eq. (16) with
kmax = 450/ηR and ns = 1.
for k . 1/ηR, then it scales as k for k & 1/ηR. The
slope of the resonant contribution is k7, which peaks at
k ' 2kmax/
√
3. Finally, it decrease sharply, and vanishes
at k = 2kmax. This behavior is summarized in Eq. (18).
3. Approximate analytic formulas for induced GWs
from power-law primordial spectra
We can generalize our calculations to power-law pri-
mordial spectra with a cutoff [see Eq. (16)]. We can use
the formulas of I2RD obtained above. Using the large t
approximation and assuming ns > −3/2, we obtain the
following expression:
Ω
(LS)
GW,RD '
3
(
4Ci
(
xR
2
)2
+
(
pi − 2Si (xR2 ))2)A2sx8max,R
217+2ns × 625(3 + 2ns)
(
2xmax,R
xR
− 1
)2ns ( xR
x∗,R
)2(ns−1)
×
(
Ω˜
(LS,1)
GW,RDΘ(xmax,R − xR) + Ω˜(LS,2)GW,RDΘ(xR − xmax,R)
)
Θ(2xmax,R − xR), (B10)
where
Ω˜
(LS,1)
GW,RD =
1
(2 + ns)(3 + ns)(4 + ns)(5 + 2ns)(7 + 2ns)
×
(
1536− 6144k˜ + (7168− 1920ns − 256n2s )k˜2
+ (5760ns + 768n
2
s )k˜
3 + (1328ns + 3056n
2
s + 832n
3
s + 64n
4
s )k˜
4
− (7168 + 12256ns + 7392n2s + 1664n3s + 128n4s )k˜5 + (7392 + 10992ns + 5784n2s + 1248n3s + 96n4s )k˜6
− (2784 + 3904ns + 1960n2s + 416n3s + 32n4s )k˜7 + (370 + 503ns + 247n2s + 52n3s + 4n4s )k˜8
−256(1− k˜)6(6 + 6(2 + ns)k˜ + (2 + ns)(5 + 2ns)k˜2)
(
1− k˜
2− k˜
)2ns , (B11)
Ω˜
(LS,2)
GW,RD =2(2− k˜)4Γ(4 + 2ns)
(
k˜4
Γ(5 + 2ns)
− 4k˜
2(2− k˜)2
Γ(7 + 2ns)
+
24(2− k˜)4
Γ(9 + 2ns)
)
, (B12)
with Γ(x) denoting the Gamma function. The other important component, the resonance contribution, is obtained
as
Ω
(res)
GW,RD =
2.30285×√3 3ns
213+2ns × 625 x
7
R
(
xR
x*,R
)2(ns−1)
s0(xR)
×
(
42F1
(
1
2
, 1− ns; 3
2
;
s20(xR)
3
)
− 32F1
(
1
2
,−ns; 3
2
;
s20(xR)
3
)
− s20(xR)2F1
(
3
2
,−ns; 5
2
;
s20(xR)
3
))
,
(B13)
where 2F1 (a, b; c; z) is the hypergeometric function, and s0(xR) is defined in Eq. (B8). The total spectrum is again
approximated by the sum: ΩGW ' Ω(LS)GW,RD + Ω(res)GW,RD.
For completeness and comparison, we also present the formulas of the component of the induced GWs produced
during the eMD era, ΩGW,eMD. Such a formula is presented in Ref. [10] for the scale-invariant power spectrum of the
12
curvature perturbations with a cutoff scale kmax. We generalize it to the power-law spectrum with a cutoff scale. For
this purpose, we use the large t approximation once again.
Ω
(LS)
GW,eMD(ηc, k) =
3R(xR)A
2
s
(
xR
x*,R
)2(ns−1)
Θ(2xmax,R − xR)
25× 21+2nsns(1 + ns)(2 + ns)(−1 + 2ns)(1 + 2ns)(3 + 2ns)k˜4+2ns
×(
−42+ns
(
1− k˜
)2(1+ns) (
6 + 6nsk˜ + ns(1 + 2ns)k˜
2
)
Θ(1− k˜)
+
(
2− k˜
)2ns (
96− 192k˜ + (96− 8ns(7 + 2ns))k˜2 + 8ns(7 + 2ns)k˜3 + ns(1 + 2ns)(11 + ns(9 + 2ns))k˜4
))
,
(B14)
where R(xR) is the relative suppression factor given by
Eq. (45) of Ref. [10]. In the scale-invariant case (ns = 1),
this reproduces the leading term in the large-scale limit
k  kmax of the formula in Ref. [10] up to the factor
1/4 revised in our accompanying paper [39]. The above
formula is derived assuming ns > 1/2. There are no
resonance contributions for ΩGW,eMD, so that the total
spectrum can be approximated by the above formula,
ΩGW,eMD ' Ω(LS)GW,eMD for k  kmax. However, this con-
tribution is subdominant compared to ΩGW,RD as shown
in Fig. 1 for ns = 1.
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